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Abstract—We present a control scheme that can spin stabilize a
spacecraft about its minor or major axis of inertia and simulta-
neously point this axis at the sun using only magnetorquers and
low-cost sensors. The controller is implemented as a switched
system, alternating between a spin-stabilizing and a target-
pointing control law. Each control law locally minimizes a
Lyapunov function. We perform a preliminary stability analysis
to evaluate the controller’s ability to drive the system to a
Lyapunov-stable equilibrium in finite time within defined tol-
erances for the axisymmetric case. We evaluate our controller’s
performance through both extensive Monte-Carlo simulations
for the axisymmetric and the general tri-inertial case and on
orbit as part of the recent PY4 mission. The controller points
within fifteen degrees of the sun in less than half an orbit in
the PY4 mission and achieves nearly 100% success in numerical
simulations.
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1. INTRODUCTION
Satellites are often reliant on solar power for on-orbit energy
generation, which makes maintaining sun pointing critical.
Failure of the attitude control system can lead to power
starvation and premature mission failure. This motivates the
development of “safe-mode” controllers capable of swiftly
and efficiently pointing solar panels at the sun while requir-
ing a minimal set of actuators, sensors, and computational
resources.

979-8-3315-7360-7/26/$31.00 ©2026 IEEE
* Both authors had equal contribution to this paper

Figure 1. Our Lyapunov-based controller switches behaviors
in different parts of the trajectory depending on the value of
each component of the Lyapunov function. Red corresponds
to spin stabilization, blue corresponds to sun pointing, and
purple to the sliding mode/fast switching between the two.
This figure considers the axisymmetric case. Note how the
controller alternates between the two modes as the angular
momentum moves first toward the target spin axis and then
toward the Sun vector.

There is extensive literature on the use of magnetorquers as
actuators for attitude control. Ovchinnikov and He present
two comprehensive surveys of active attitude control methods
[1], [2]. Flat-spin recovery and spin-stabilization controllers
have been extensively researched for both reaction wheel
and magnetorquer actuators [3],[4],[5],[6]. Sun-pointing con-
trollers have been studied since the 1960’s [7]. Most of them,
however, have low accuracy [8], are designed for reaction
wheel actuators [1], or are designed for large satellites and
low tumble rates [9].

We address the limitations of previous sun-pointing con-
trollers with a novel Lyapunov-based controller that com-
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bines spin stabilization [3] and sun-pointing [10], [11], [12]
behaviors into a unified control law to achieve reliable sun-
pointing. Our contributions include:

1. A Lyapunov-based magnetorquer-only controller that
combines sun-pointing and spin-stabilization behaviors
2. A preliminary stability analysis and progress towards a
proof of the ability of the controller to drive the system to
a Lyapunov-stable configuration within a positively invariant
set bounded by defined distance margins to the target equilib-
rium
3. Monte-Carlo evaluation of the controller in simulations
with realistic hardware parameters
4. On-orbit experimental evaluation of the controller during
the PY4 mission [13]

The paper proceeds as follows: We first present related work
and background in Section 2, then present the controller
and its stability analysis in Section 3. Section 4 presents
Monte-Carlo simulations to validate the performance of our
controller, then Section 5 presents the results of an on-orbit
experimental demonstration on the PY4 CubeSat mission.
Finally, we summarize our conclusions and directions for
future work in Section 6.

2. BACKGROUND
This section briefly reviews important background on satellite
attitude dynamics and Lyapunov stability.

Attitude Dynamics

We model a satellite with magnetorquers as a rigid body
governed by Euler’s equation [14]:

J _! + ! � J! = �; (1)

where J is the spacecraft’s inertia tensor expressed in body-
fixed coordinates, ! is the body-frame angular-velocity vec-
tor, and � is the applied torque (also expressed in the body
frame). We also define the angular momentum,

h = J!; (2)

which allows us to re-write (1) as:

_h+ ! � h = �: (3)

In the specific case of magnetorquers, the torque is given by,

� = �b� � = �b̂�; (4)

where b is the local magnetic field vector of the Earth at the
spacecraft’s current location in body frame, � is the magnetic
moment vector generated by the spacecraft’s actuators in
body frame, and b̂ denotes the 3 � 3 skew-symmetric cross-
product matrix:

b̂ =

"
0 �b3 b2
b3 0 �b1
�b2 b1 0

#
: (5)

The dynamics (1) exhibit some well-known characteristics:
There are equilibrium spin states about the three eigenvectors
of J , and the equilibria corresponding to the smallest and
largest eigenvalues (“minor” and “major” axes, respectively)

are stable, while the equilibrium associated with the interme-
diate axis is unstable [14].

The magnetic field in the body frame exhibits the following
dynamic behavior:

_b(t) = b� ! +Rbi
_bi(t); (6)

withRbi the rotation matrix from the inertial to the body frame
and _bi the time derivative of the geomagnetic field in the
inertial frame.

We consider additionally the body frame unit direction vector
s 2 S2, fixed in the inertial frame, representing the sun/target
direction. Its motion will be defined by the nonlinear differ-
ential equation (7).

�
_h
_s

�
|{z}

_x

=

�
�� b(t)� ! � h
�! � s

�
| {z }

f(x;�;t)

(7)

Lyapunov Stability

The necessary background on Lyapunov Stability for this
paper is available in textbooks such as [15] and [16], with
content dedicated to switched systems in [17]. We briefly
summarize the results most relevant to the proof presented in
this paper in this section.

Consider a locally Lipschitz function with an equilibrium at
the origin:

_x = f(x; t); x 2 Rn; t 2 R+ (8)

Stability definitions—The origin is a stable equilibrium of the
system (8) in the sense of Lyapunov for a given t0, if for every
� > 0 there exists a � > 0 such that

kx(t0)k� � =) kx(t0 + t)k� � 8t � 0 (9)

If the system is stable and there is a � such that

kx(t0)k� � =) x(t0 + t)! 0 as t!1; (10)

the system is considered asymptotically stable. The region
of attraction is the set of all initial states from which the
trajectories converge to the origin. The system is globally
asymptotically stable when this condition holds for all �. If
these conditions hold for all t0 2 R, the system is uniformly
(globally and/or asymptotically) stable.

Theorem 2.1 (Lyapunov direct method: time-invariant systems)
Suppose that there exists a positive definite C∞ function
V : Rn ! R outside the origin with V (0) = _V (0) = 0.

If _V (x) is negative semidefinite outside the origin along
solutions of the system in Eq. (8), it is called a weak
Lyapunov function and it proves the (local) Lyapunov stability
of the origin of the system.

If _V (x) is strictly negative definite outside the origin, it is
called a (strict) Lyapunov function and it proves the (local)
asymptotic stability of the origin of the system. If the
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function is also radially unbounded, the stability property
holds globally.

We note that these results are still valid in the case of a non-
differentiable continuous function V (x) as long as it strictly
decreases at nonzero function values or is nonincreasing.

A weak Lyapunov function can still prove asymptotic stabil-
ity under the invariance principle. To define this, we must
first establish the definition of an invariant set as any set M
for which x(t0) 2 M means that x(t) 2 M 8 t 2 R, and a
positively invariant set if it means that x(t0 +T ) 2M 8 T 2
R+.

Theorem 2.2 (LaSalle invariance principle) Suppose that there
exists a weak Lyapunov function in the domain 
. Let M be
the largest invariant set contained in the setE = f _V (x) = 0g.
Then every solution starting in 
 asymptotically approaches
M .

Two useful corollaries to the invariance principle (Barbashin
and Krasovskii’s theorems) state that, if no solution other
than the origin will stay in the set E, then the origin will be
(globally) asymptotically stable.

For time-varying systems, Theorem 2.1 can still apply with a
time-varying Lyapunov function V (x; t). To prove uniform
(asymptotic) stability, the additional condition that V (x; t)
be decrescent (V (0; t) = 0 and V (x; t) � V (x) 8t � 0 is
needed. The equivalent to the invariance principles for time-
varying systems is Barbalat’s lemma.

Lemma 2.3 (Barbalat’s Lyapunov-like lemma) If a scalar func-
tion V (x; t) satisfies the following conditions

• V (x; t) is lower bounded

• _V (x; t) is negative semi-definite

• _V (x; t) is uniformly continuous in time

then _V (x; t) ! 0 as t ! 1, and V approaches a finite
limiting value V∞ � V (x(0); 0).

A sufficient condition for a differentiable function to be
uniformly continuous is that its derivative be bounded.

Another useful version of Barbalat’s lemma is the one pre-
sented in [18], as follows:

Lemma 2.4 (Barbalat’s Lyapunov-like lemma extension) Con-
sider a smooth nonlinear time-varying system _x = f(x; t).
Assume a positive definite Lyapunov function V (x) >
0 8x 6= 0, the gradient of which is zero at the origin and
6= 0 everywhere else. The states will converge to one of the
system’s equilibria if the following conditions are satisfied:

1. _V is negative semi-definite,

2. _V is uniformly continuous,

3. The level sets S of V do not contain any integral curves
x(t) of the flow map f(x; t) other than the constant ones.

If the origin is the only one, it is globally asymptotically
stable.

To prove positive invariance of a set, Nagumo’s theorem is
typically used [19].

3. SPIN-STABILIZED POINTING CONTROLLER
The controller follows Algorithm 1, where we define the
following:

• s(t): Target direction in the body frame at time t
• b(t): Magnetic field in the body frame at time t
• !(t): Angular velocity of the body frame with respect to
the inertial frame expressed in the body frame at time t
• h: Target angular momentum in the body frame
• J : Inertia matrix
• a: Target major/minor axis of inertia direction
• tolSS: Tolerance for spin-stabilizing control
• tolP: Tolerance for sun-pointing control
• b̂: Skew symmetric matrix corresponding to the cross
product with the magnetic field
• �max: Maximum magnetic dipole moment
• �: Commanded total magnetic dipole moment in the body
frame

In addition, we define a generic scalar smoothing function
class �(r) : [0;1)! [0; 1] if:

1. limr→0 �(r) = 0,

2. � is strictly increasing
�
d�

dr
(r) > 0

�
,

3. limr→∞ �(r) = 1
4. � 2 Cp; p � 1

Algorithm 1 Lyapunov-based Sun-pointing controller
Input :s; b; !
Output :u

h = J!
if


a� �h=

h

�

 > tolSS then
�′
b = b̂

�
h� h

�
� = �b = �maxgb(�

′
b)

else if


s� �h=

h

�

 > tolP then

�′
i = b̂

�
s


h

� h�

� = �i = �maxgi(�
′
i)

else
� = �0 = [0 0 0]T

end if

return �

This algorithm can also be expressed by the logic diagram
shown in Fig. 2.
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a� h
∥h∥




 > tolSS

�′
b = b̂

�
akhk�h

�
�b = �max � gb(�′

b)




s� h
∥htgt∥




 > tolP

�′
i = b̂

�
skhk�h

�
�i = �max � gi(�′

i)
� = [0 0 0]

T

yes no

yes no

Figure 2. Logic diagram of the controller.

The goal of this algorithm is to drive the system described
in (7) to a forward invariant set of states that respects the
spin-stabilized and sun-pointing conditions, and is Lyapunov
stable with respect to the equilibrium h0 = h; s0 = a.

In this paper, we differentiate between smooth and non-
smooth versions of the algorithm through the functions g
and the smoothing functions � that can be used to make the
control law differentiable when k�′k= 0. For the non-smooth
case, it is sufficient to consider g(x) = x=kxk. For the
smooth case, we consider:

g(�) � ~� =

�
�(k�k) �

∥�∥ ; k�k6= 0

0; k�k= 0
; (11)

with �(x) = tanh (kx), with k 2 R+ some positive scalar
control gain.

The version of the algorithm in this paper also differs from
the one described in [13] in that the pointing condition and
controller are defined based on ks � h=khkk instead of
ks � h=khkk. The use of khk defines a conical region
for the angular momentum to meet the pointing condition,
such that it is met when the angular momentum and target
direction are within a given angle. In practice, since the
pointing condition and controller are only used when the
spin-stabilized condition is met, the difference between the
values of khk and khk will be limited by the tolerance tolSS
and should be relatively small. In this work, we focus on
the version of the algorithm that uses khk for the sake of
simplicity, and leave the version described in [13] for future
work.

Stability Analysis

To study the stability of the system under the proposed
control law, we define the two following candidate Lyapunov
functions:

�
Vi(x) = 1

2 (h� khks)T (h� khks)
Vb(x) = 1

2 (h� h)T (h� h)
(12)

A set of auxiliary variables x∗ are defined so that the equilib-
rium is shifted to the origin (x∗0 = 0):

x∗ =

�
h∗

s∗

�
=

�
h� h

h� s


h



�
(13)

The dynamics expressed as a function of the auxiliary vari-
ables are:

�
_h∗

_s∗

�
| {z }

_x∗

=

�
_h

_h� _s


h



�
=

�
�! � h+ �� b(t)
�! � s∗ + �� b(t)

�

_x∗ =

�
(h∗ + h)�

�
J−1(h∗ + h)

�
+ �� b(t)

s∗ � (J−1(h∗ + h)) + �� b(t)

�
| {z }

f(x∗;�;t)

(14)

The candidate Lyapunov functions can be rewritten as:

�
Vi(x

∗) = 1
2 (s∗)T s∗

Vb(x
∗) = 1

2 (h∗)Th∗
(15)

Each of these functions meet the criteria for a candidate
Lyapunov function with respect to their respective partial
equilibria: Vi(s

∗
0 = 0) = 0 and Vi(s

∗) > 0 8ks∗k6= 0,
Vb(h

∗
0 = 0) = 0 and Vb(h∗) > 0 8kh∗k6= 0. Additionally,

the functions are radially unbounded. Neither of these func-
tions individually meet the criteria for the full equilibrium
x∗ = 0, although a candidate Lyapunov function for it can be
built from the two. The switching conditions of the algorithm
can be defined as a function of these auxiliary variables and/or
the Lyapunov functions:





a� h

khk





 > tolSS � Vb >
�
khktolSS

�2
2| {z }
V b

� kh∗k> khktolSS| {z }
h
∗

(16)



s� h

khk





 > tolP � Vi >
�
khktolP

�2
2| {z }
V i

� ks∗k> khktolP| {z }
s∗

(17)

The behavior of the system (7) under the described control
law can be seen as a switched system [17], with three op-
erating regions 
b, 
i and 
0 described by the application
of the control laws �b, �i and �0, respectively. These
operating regions are separated by three switching surfaces
Sib, Si0 and Sb0. The switching surface Sib is defined by the
spin-stabilized condition when the pointing condition is not
met. Sb0 is defined by the spin-stabilized condition when the
pointing condition is met (crossing between 
b and 
0) and
Si0 defines the pointing condition while the spin-stabilized
condition is met (crossing between 
i and 
0).

The domain of the operating regions and the switching sur-
faces is defined in (18) and (19), respectively. They are also
notionally represented in Fig. 3.

8>>><>>>:

i =

n
x∗
��� �Vb < V b

�
\
�
Vi > V i

�o

b =

n
x∗
���Vb > V b

o

0 =

n
x∗
��� �Vb < V b

�
\
�
Vi < V i

�o (18)
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8>>><>>>:
Sib =

n
x∗
��� �Vb = V b

�
^
�
Vi > V i

�o
Si0 =

n
x∗
��� �Vb < V b

�
^
�
Vi = V i

�o
Sb0 =

n
x∗
��� �Vb = V b

�
^
�
Vi < V i

�o (19)

Within these regions, the control laws can also be rewritten
as:

8>>>><>>>>:
�′
b = b̂h∗; �′

i = b̂s∗

�b = ��max
�′
b

k�′
bk
�b = ��max�̂b�b = ��max ~�b

�i = ��max
�′
i

k�′
ik
�i = ��max�̂i�i = ��max ~�i

(20)

As a note, in the non-smooth case (� = 1), these control
laws each serve as the solution to the local/instantaneous min-
imization of the time derivative of the candidate Lyapunov
functions _Vb and _Vi for the axisymmetric case:

min
�

_V (�)

s:t: k�k22 � �2
max

The stability of the system with respect to the equilibria
h∗ = 0 and s∗ = 0 is studied through the candidate Lyapunov
functions Vi and Vb in the different operating regions and
switching surfaces in Appendix A. The range of the deriva-
tives of the two Lyapunov functions in the different operating
regions and sliding mode is summarized in Table 1 and in the
XY plot in Figure 3 for the axisymmetric case.

Table 1. Set of possible values of Vi, Vb, _Vi and _Vb in the
different operating regions and the switching surface Sib in

the axisymmetric case.


i 
b 
0 Sib
Vi

�
V i;1

�
R

�
0; V i

� �
V i;1

�
Vb

�
0; V b

� �
V b;1

� �
0; V b

� �
V b
	

_Vi R≤0 R f0g R≤0

_Vb R R≤0 f0g R≤0

If we consider the smooth version of �b, the proof of uniform
asymptotic stability to the equilibrium h∗ = 0 under this
control law in 
b is provided in Appendix A.

Let the union of the switching surfaces Sb := Sib [ Sb0 :=
fx∗ : Vb = V bg. Because for x∗ 2 
b, as a consequence
of h∗ = 0 being uniformly asymptotically stable, kh∗k! 0
and Vb ! 0. Therefore, for any V b > 0 and t0 2 R such
that Vb(x∗(t0); t0) > V b, there exists a finite time T such
that Vb(x∗(t); t) < V b; 8t � t0 + T . Hence, the system will
reach the surface Sb.

The union of the operating regions 
i0 := 
i [ 
0 is a
sublevel set of the Lyapunov function Vb, and as established

in the Appendix A, rVb � Fb(x∗) = 2h∗ � Fb(x∗) � 0 8Sb,
with _x∗ 2 Fb(x∗) the differential inclusion on the boundary/
level set of Vb Sb := Sb0 [ Sib. According to the Nagumo
Theorem [20], the set 
i0 will then be positively invariant,
since the flow map on the bonudary belongs to the tangent
cone. As such, once the system reaches 
i0 from 
b, it stays
in 
i0 indefinitely.

For the smooth case, if we assume that the equilibrium s∗ = 0
is uniformly asymptotically stable in the sense of Lyapunov
for x∗ 2 
i [ Sib, that Vi is a (weak) Lyapunov function for
this equilibrium, and that Si0 is a level set of Vi, then it can
be proven that any trajectory starting/entering in 
i[Sib will
reach Si0 in finite time. This conclusion is currently limited
by the existence of a local equilibrium in Sib, as described in
Appendix A. If the equilibrium is unstable, it will not affect
the convergence of the system to the target s∗ = 0 for x∗ 2

i[Sib outside the local equilibrium itself. The study of this
equilibrium is left to future work.

The target set for the controller is the torque-free operating
region 
0. With _Vi(x

∗; t) = _Vb(x
∗; t) = 0 8x∗ 2 
0,

uniform Lyapunov stability with respect to the equilibrium
x∗ = 0 can be proved with a valid joint Lyapunov function
(the max or sum of the Vb and Vi, for example) in the
axisymmetric case.

Under the Nagumo Theorem [20], a set is positively invariant
if the flow map on the boundary of the set belongs to its
tangent cone. The solution to the flow map on the boundary
Sb0 in the sense of Filippov will be the convex hull of the
flow map on both ends, for which _Vb � 0. Similarly, the
set of solutions for the flow map on Si0 will always meet the
condition _Vi � 0. Since these flow maps on the boundary
will point inwardly to the set 
0, the set 
0 is positively
invariant, and any trajectory entering the set will stay there,
with jh∗j� h∗ and js∗j� s∗.


b


0 
i

Vi

Vb

V b

V i

Sb0 Sib

Si0

_V _V

_V

_V

Figure 3. Notional representation of the operating regions
and switching surfaces of the controlled system with possible
flow maps in the operating regions.

4. NUMERICAL SIMULATION EXPERIMENTS
This section is dedicated to the numerical results and vali-
dation of the Lyapunov-based controller. It is split into two
subsections: firstly, results are presented for the axisymmetric
case to validate the conclusions of the proof of convergence
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in Section 3. Secondly, numerical results are extended to the
tri-inertial case and the PY4 mission. All the code used to
produce these numerical simulations is available in our open-
source implementation on Github2.

Axisymmetric case

To validate the conclusions of the proof of convergence, sim-
ulations are run restricted to the axisymmetric case in a high-
inclination Sun-synchronous (SSO) orbit. Additionally, a
noise-free case study is singled out to exemplify the behaviors
discussed in Section 3 and Appendix A.

A Monte Carlo simulation with 100 cases is run with the SSO
orbital parameters described in Table 2. Assuming a diagonal
inertia matrix with Jxx = Jyy = J⊥ and Jzz = J∥, we define
the scenario for the pointing of the minor axis of a 2U Cube-
Sat (J⊥ =8:3 � 10−3 kgm2 ; J∥ =3:3 � 10−3 kgm2). The
controller uses a smoothing function �i = tanh (kk�′

ik=khk)
and �b = tanh (kk�′

bk=khk), with k = 1e5. We con-
sidered a gyro bias !b � N

�
0; �2

!b

�
; �!b

= 0:1◦s−1 and
gyro additive white gaussian noise (AWGN) with �! =
0:007◦s−1=

p
Hz. The magnetometer and sun sensor errors

are modeled as AWGN with �b = 0:5�T=
p
Hz and �s =

0:01=
p
Hz, respectively. The sun sensor measurement is re-

normalized after the error is added. The simulations were
initialized with the satellite tumbling at an angular velocity !0
sampled from a normal distribution with standard deviation
10◦=s at an arbitrary attitude. The Sun vector was initialized
as,

s0 =

"
1
0
0

#
; (21)

with an uncertainty of 10% added in a random direction.

Figure 4 shows the percentiles and average of the normalized
angular momentum error kh∗k=khk and the angle between
the angular momentum and target direction against the re-
spective thresholds. All trajectories spin-stabilize within
around half an hour and then align the angular momentum
with the target within around an hour and a half. Once these
conditions are reached, the target (sun) direction stays in the
vicinity of the spin axis, as shown in the plot of the angle
between the sun and the minor axis in Figure 5.

The Monte Carlo simulation results align with the expected
behavior from the lyapunov stability analysis. Additionally,
all trajectories converge to the final Lyapunov stable config-
uration within the prescribed tolerances (tolSS = 0:26 and
tolP = 0:15, respectively). However, under the stability
analysis, any trajectory entering the final 
0 region would
stop converging to the origin once crossing the set boundary,
whereas in the numerical simulations the error continues
falling after entering the region as a consequence of the
measurement noise.

A single simulation is run without any measurement noise.
The values of the kh∗k=khk and ks∗k=khk over the simula-
tion are plotted in Figure 6. Fig. 1 shows the trajectory of the
angular momentum in the body frame of the single simula-
tion, indicating what operating region/switching surface the
system is in.

2https://github.com/RoboticExplorationLab/Sun_Poi
nting_Lyapunov
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(b)Angle between the target direction s and the angular momentum h.

Figure 4. Time evolution of the spin stabilization and
pointing error in 100 Monte Carlo runs. Notice how in every
case the controller is able to bring both Spin Stabilization
error and Sun-Pointing error to the tolerances.

General case

This section presents two simulation cases that demonstrate
the performance of the controller extended to a tri-inertial
condition. We consider a satellite in a high-inclination Sun-
synchronous orbit, and an ISS-like low-inclination orbit.

Numerical analyses consider the PY4 mission [13]. These
simulations were run in preparation for flight and subse-
quent comparison. We also did simulations to demonstrate
performance at a different relevant LEO condition. Sun-
synchronous numerical simulations were based on planned
orbit parameters given by the launch provider and inertia
matrix J calculated from CAD drawings of the satellite. A
fourth-order Runge-Kutta (RK4) integrator [21] was used to
run the simulations.

J =

"
:0043 �:0003 0:0
�:0003 :0049 0:0

0:0 0:0 :0035

#
(22)

Measurement noise was again considered, as described for
the axisymmetric case study. The initial angular velocity
and sun vector conditions were also dispersed similarly. The
desired angular momentum for flat-spin is the major axis of
inertia, a:

a =

"�0:38268
0:92388

0

#
(23)
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